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THE NEF CONE OF THE HILBERT SCHEME OF
HYPERSURFACES IN THE GRASSMANNIAN
SEE-HAK SEONG
Abstract. We show that when d ≥ 3 and m > 2, the Nef cone of the Hilbert
scheme HilbPd,m(T )(G(k, n)) is a cone spanned by 6 classes in general case,
where Pd,m(T ) =
(
T+m
m
)
−
(
T+m−d
m
)
.
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1. Introduction
Let Pd,m(T ) =
(
T+m
m
)
−
(
T+m−d
m
)
. This is the Hilbert polynomial of a hyper-
surface of degree d in Pm. Let F (k1, k2;n) denote the two step flag variety that
parameterizes flags W1 ⊂ W2 ⊂ V , where dim(Wi) = ki and dim(V ) = n. Let S
denote the tautological bundle over a 2-step flag variety F (k1, k2;n) is defined by
taking each fiber as a projectivized quotient space pi−1(W1,W2) := P(W2/W1).
In [3], we showed that the Hilbert scheme HilbPd,m(T )(G(k, n)) is a projective
bundle over disjoint union of flag varieties.
Theorem 1.1. For d ≥ 3, 1 < k < n − 1 and m ≥ 2, let’s define Pd,m(T ) =(
T+m
m
)
−
(
T+m−d
m
)
. Let S be a tautological bundle over the 2-step flag variety. Then
the HilbPd,m(T )(G(k, n)) is the projective bundle P(Sym
dS∗) over the following flag
varieties
2 < m ≤ k case : F (k − 1, k +m;n) ⊔ F (k −m, k + 1;n)
k < m ≤ n− k case : F (k − 1, k +m;n)
n− k < m case : ∅
where S is the tautological bundle over a 2-step flag variety F (k1, k2;n).
And we also show that every closed subscheme of Hilbert polynomial Pd,m(T ) is
a degree d hypersurface of m-dimensional linear projective space.
In this paper, we computed the Nef cone of the Hilbert scheme by using two
divisors DX and DY of the Hilbert scheme HilbPd,m(T )(G(k, n)), which are defined
as follows. Let X := Σm(F•) and Y := Σ1,··· ,1(F
′
•) be m-codimensional special
Schubert subvarieties of G(k, n), where F•, F
′
• are complete flags of C
n. Then,
DX := {C ∈ HilbPd,m(T )(G(k, n))|C ∩X 6= ∅}
DY := {C ∈ HilbPd,m(T )(G(k, n))|C ∩ Y 6= ∅}.
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Theorem 1.2. Let d ≥ 3, n ≥ 3, 1 < k ≤ ⌊n2 ⌋, and Pd,m(T ) =
(
T+m
T
)
−
(
T+m−d
m
)
for all integer 2 < m ≤ k. The Nef cone of the Hilbert scheme HilbPd,m(T )(G(k, n))
is a cone spanned by the pull-backs of generators of the Nef cone of flag varieties,
[DX ], and [DY ].
In §2, we give preliminaries of the Ne´ron-Severi group and Nef cone. In §3, we
suggest lemmas for finding generators of Nef cone and prove Theorem 1.2.
2. Preliminaries
We recall Theorems 2.1 and 2.2 from Theorem 5.9 in [1].
Theorem 2.1. Let F (a1, · · · , ar;n) be a r-step flag variety. This flag variety ad-
mits r canonical projections pii : F (a1, · · · , ar;n) → G(ai, n) for each i = 1, · · · , r.
Then, the Ne´ron-Severi group of the flag variety is generated by the pull-backs of
the first Schubert classes of each Grassmannian G(ai, n).
Theorem 2.2. Let E be a vector bundle on a smooth variety X, and let pi : PE → X
be the projectivized bundle. If we denote the Picard number of X by Pic(X), then
Pic(PE) = Pic(X) + 1
Lemma 2.3. Let X be a projective variety with the picard number n. Let D1, · · · , Dn
be generators of Ne´ron-Severi group NS(X) of X. If there are independent irre-
ducible curves γ1, · · · , γn ⊂ X such that
(Di · γj) = δij for all 1 ≤ i, j ≤ n,
then the Nef cone of X is spanned by D1, · · · , Dn.
Proof. By [2], there is a vector space of numerical equivalence class of one-cycles
denoted by N1(X). In this vector space, we can define the cone of curves NE(X)
which is the cone spanned by effective one-cycles on X and by taking its closure
we can consider the closed cone of curves NE(X). Since there exists a perfect
pairing between N1(X) and the Ne´ron-Severi group NS(X), this pairing induces
the perfect pairing between the closed cone of curves and the Nef cone. Therefore,
Nef cone of X is a dual cone of the closed cone of curves. From the conditions
above, the closed cone of curves is spanned by γ1, · · · , γn and they act like duals of
D1, · · · , Dn. As a result, we can conclude that classes of D1, · · · , Dn span the Nef
cone of X . 
3. Nef cone of HilbPd,m(T )(G(k, n)) for m > 2, d ≥ 3
In this section, I will always assume following conditions :
• d ≥ 3
• n ≥ 4, 1 < k ≤ ⌊n2 ⌋ (∵ G(k, n)
∼= G(n− k, n))
• Base field is C
. • Pd,m(T ) =
(
T+m
T
)
−
(
T+m−d
m
)
for all integer 2 < m ≤ k
In [3], we show that the Hilbert scheme HilbPd,m(T )(G(k, n)) is a projective
bundle P(SymdS∗) over a disjoint union of two flag varieties F (k− 1, k+m;n) and
F (k −m, k + 1;n).
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HilbPd,m(T )(G(k, n)) P(Sym
dS∗)
F (k − 1, k +m;n) ⊔ F (k −m, k + 1;n) space of Pm
∼=
∼=
The flag variety F (k − 1, k +m;n) parametrizes the space of Pm in the Grass-
mannian G(k, n) a of the cohomology class σn−k,··· ,n−k,n−k−m. The other flag
variety F (k − m, k + 1;n) parametrizes the space of Pm of the cohomology class
σn−k,··· ,n−k,n−k−1,··· ,n−k−1 (m times (n− k − 1)’s).
From now on, we will call a degree d hypersurfaces in Pm as a degree d, (m− 1)-
fold in this paper and we will denote the unique projective space Pm that contains
this (m− 1)-fold by the span of the degree d (m− 1)-fold.
Since HilbPd,m(T )(G(k, n)) is the disjoint union of two projective bundles over
flag varieties, if we denote the projective bundle over F (k− 1, k+m;n) byM1 and
the projective bundle over F (k −m, k + 1;n) by M2, then we can claim that the
Nef cone of the Hilbert scheme HilbPd,m(T )(G(k, n)) is spanned by Nef(M1) and
Nef(M2). Moreover, by the symmetric property of Schubert varieties, it is enough
to compute the Nef cone one component of the Hilbert schemeHilbPd,m(T )(G(k, n)).
Remark 3.1. When k+m = n, then F (k−1, k+m;n) ∼= G(k−1, n) and if k−m = 0,
then F (k −m, k + 1;n) ∼= G(k + 1, n). The proof for these cases are not different
from the general case when k+m < n and k−m > 0. But, since we want to work
on the general case first, we will always assume that k +m < n and k −m > 0 for
the later subsections.
By theorem 2.1 and 2.2, the Picard number ofM1 is 3. Moreover, two generators
of the Ne´ron-Severi group NS(M1) can be determined by theorem 2.1. In this
subsection, we will compute the Ne´ron-Severi group of M1 by observing the last
generator, and compute the Nef cone of M1.
Lemma 3.2. Let F• be a complete flag in C
n and X := Σm(F•) ⊂ G(k, n) is a
general special Schubert subvariety in G(k, n). Then, a set DX := {C ∈ M1|C ∩
X 6= ∅} is a codimension 1 subvariety of M1.
Proof. Consider an incidence correspondence I as follows :
I =
{
(C, X˜, x, L)
∣∣∣ C ∈M1, X˜ = Σm(F˜•) where F˜• is a complete flag of Cn
x ∈ C ∩ X˜, L ∼= Pm where C ⊂ L ⊂ G(k, n)
}
Since we work on d ≥ 3, every degree d, (m − 1)-fold C has a unique span Pm in
G(k, n) that contains C [3]. From this incidence correspondence we can define four
canonical projections
p1 : I →M1, p2 : I →(space of Σm in G(k, n))
p3 : I → G(k, n), p4 : I → F (k − 1, k +m;n)
.
4 SEE-HAK SEONG
Recall that DX = p1(p
−1
2 (X)). The cohomology class of X˜ is σm in G(k, n)
and this implies that the Schubert calculus intersection between general X˜ and a
general L is 1 ([1]).
So if we denote a general linear subspace L0 which satisfies X˜ ∩ L0 is a point,
and denote the other linear subspace as L1, then we get the following picture :
Since there is no big difference between an arbitrary X˜ and X in G(k, n), p−12 (X)
will give the same picture as above. Moreover, we get following results :
• p3((p2 × p4)−1(X,L0)) = X ∩ L0 : a point (denote X ∩ L0 = {q})
• (p2 × p4)−1(X,L0) = {(C,X, q, L0) | q ∈ C ⊂ L0} ∼= P(
m+d
d )−2
=⇒ the space of degree d hypersurfaces in L0 ∼= Pm such that contains a point q
• p3((p2 × p4)−1(X,L1)) = X ∩L1 : a linear subspace of L1 bigger than a point
• p1((p2 × p4)−1(X,L1)) ∼= P(
m+d
d )−1
=⇒ the space of degree d hypersurfaces in L1 ∼= Pm
(∵ A line intersects with any hypersurface in Pm via Fundamental theorem of cal-
culus).
Consider that the degree of hypersurface d is greater than 2. Because of this,
every hypersurface C has a unique span L ∼= Pm and this tells us that DX =
p1(p
−1
2 (X) is isomorphic to (p1 × p4)(p
−1
2 (X)). In better words, if we define a map
ψ : M1 → M1 × F (k − 1, k + m;n) as C 7→ (C,L) where L is a m-dimensional
projective space in G(k, n) which C is embedded into L, then d ≥ 3 condition
implies that ψ is an isomorphism. And (p1× p4)(p
−1
2 (X)) = ψ
(
p1(p
−1
2 (X)
)
. Using
the map ψ, we can measure the codimension of DX in M1 by computing the
codimension of (p1 × p4)(p
−1
2 (X)) in ψ(M1).
With the picture of p−12 (X) above, on a general L0, a set of hypersurfaces of
(p1 × p4)(p
−1
2 (X)) is a
((
m+d
d
)
− 2
)
-dimensional projective space and ψ(M1) is
a
((
m+d
d
)
− 1
)
-dimensional projective space. So it has codimension 1 for general
L0. However, on a special L1, both (p1× p4)(p
−1
2 (X)) and ψ(M1) induce the same
set of hypersurfaces, which is a
((
m+d
d
)
− 1
)
-dimensional projective space. But,
since the set of special L1’s in F (k − 1, k + m;n) has at least codimension 1, we
can also claim that the codimension of (p1 × p4)(p
−1
2 (X)) in ψ(M1) restricted to
special L1 has codimension at least 1. Therefore, we get that the codimension of
(p1 × p4)(p
−1
2 (X)) in ψ(M1) is 1 and this completes the proof. 
With this lemma, we can claim that DX is a divisor in M1.
Theorem 3.3. NS(M1) is generated by pull-back of the NS(F (k−1, k+m;n)) and
a divisor class associated to DX := {C ∈ M1|C ∩X 6= ∅} where X := Σm(F•) ⊂
G(k, n) is a general special Schubert subvariety in G(k, n).
Proof. By Theorems 2.1 and 2.2 above, the generators of NS(F (k − 1, k +m;n))
induce generators of NS(M1) and rank NS(M1) = 3. If we can show that a family
of curvesDX induces a divisor class which is independent to NS(F (k−1, k+m;n)),
then we can claim that a divisor associated toDX is the other generator ofNS(M1).
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M1 P(SymdS∗)
F (k − 1, k +m;n)
G(k − 1, n) G(k +m,n)
Σ1(F
(1,k−1)
• ) Σ1(F
(1,k+m)
• )
ϕ
∼=
pi1 pi2
M1 can be expressed as above. If we pick arbitrary complete flags F
(1,k−1)
•
and F
(1,k+m)
• in Cn, then the first Schubert classes in each Grassmannian give the
generators of NS(F (k − 1, k +m;n)). Denote as
c1 := [Σ1(F
(1,k−1)
• )] and c2 := [Σ1(F
(1,k+m)
• )],
NS(F (k − 1, k +m;n)) = Zpi∗1c1 ⊕ Zpi
∗
2c2.
Since M1 is a projective bundle over F (k − 1, k +m;n), (pi1 ◦ ϕ)
∗(c1) and (pi2 ◦
ϕ)∗(c2) are linearly independent in NS(M1) and we need to show that the class
[DX ] is linearly independent with respect to these two classes. To show this, in
Lemma 3.4 we exhibit a curve γ dual to [DX ]. 
Corollary 3.3.1. NS(M2) is generated by pull-back of the NS(F (k − m, k +
1;n)) and a divisor class associated to DY := {C ∈ M2|C ∩ Y 6= ∅} where
Y := Σ1,··· ,1(F•) ⊂ G(k, n) is a general special Schubert subvariety in G(k, n)
(codim(Y ⊂ G(k, n)) = m).
Lemma 3.4. There is a 1-dimensional family γ of hypersurfaces in M1 such that
satisfies following conditions :
(pi1 ◦ ϕ)
∗(c1) · γ = 0
(pi2 ◦ ϕ)∗(c2) · γ = 0
[DX ] · γ = 1
Proof. It is enough to find a curve γ in M1 which intersect with DX at a point
and disjoint with P(SymdSd) over pi−11 (Σ1(F
(1,k−1)
• )) and pi
−1
2 (Σ1(F
(1,k+m)
• )).
Before constructing a curve γ, let’s’ take a general m-dimensional linear projec-
tive space in G(k, n). Since we work in M1 such linear space corresponds to a pair
(V1, V2) ∈ F (k − 1, k +m;n) via
{V ∈ G(k, n)|V1 ⊆ V ⊆ V2} ∼= Pm.
By generality, we can find a pair (V1, V2) satisfying
V1 ∩ F
(1,k−1)
n−k+1 = 0 and V2 ∩ F
(1,k+m)
n−k−m = 0
P(V2/V1) ∩X = {W} ⊂ G(k, n)
(where W is k-dimensional space in Cn such that V1 ⊂W ⊂ V2, W ∈ X)
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With this pair (V1, V2) and a point W ∈ G(k, n), we can express W as a point
in Pm by using local coordinates of P(V2/V1). With the same local coordinates,
we can find two degree d homogeneous polynomials f, g 6= 0 in P(V2/V1) such that
f(W ) = 0, g(W ) 6= 0, then each polynomial defines an element in M1. Now, let γ
be a pencil which is spanned by f and g.
γ :=
{
C ∈ M1
∣∣∣ C ⊂ P(V2/V1),
C is a zero locus of sf + tg where [s : t] ∈ P1
}
If we simply denote N1,M1 is M1 restricted to the base pi
−1
1 (G(k − 1, n)) and
N2,M1 is M1 restricted to the base pi
−1
2 (G(k +m,n)), then we show that
V1 ∩ F
(1,k−1)
n−k+1 = 0 =⇒ N1,M1 ∩ γ = ∅ =⇒ (pi1 ◦ ϕ)
∗(c1) · γ = 0
and
V2 ∩ F
(1,k+m)
n−k−m = 0 =⇒ N2,M1 ∩ γ = ∅ =⇒ (pi2 ◦ ϕ)
∗(c2) · γ = 0.
Moreover, by the definition of γ, DX ∩ γ is a singleton of degree d (m− 1)-fold
contained in P(V2/V1) defined by the polynomial f (which is the case [s : t] = [1 : 0]
in γ). Therefore, we have
[DX ] · γ = 1
Therefore, γ is a dual curve of the class [DX ] in NS(M1). 
Remark 3.5. In this paper, we will call this 1-dimensional family γ as a dual curve of
the divisor [DX ], because this curve acts like a dual element among the generators
of the Nef cone of the Hilbert scheme.
Theorem 3.6. The Nef cone Nef(M1) is spanned by (pi1 ◦ϕ)
∗(c1), (pi2 ◦ϕ)
∗(c2),
and [DX ].
Proof. In Lemma 3.4, we find a curve γ in M1 satisfying
(pi1 ◦ ϕ)∗(c1) · γ = 0
(pi2 ◦ ϕ)∗(c2) · γ = 0
[DX ] · γ = 1.
If we can find curves γ′ and γ′′ in M1 satisfying
· γ γ′ γ′′
[DX ] 1 0 0
(pi1 ◦ ϕ)∗(c1) 0 1 0
(pi2 ◦ ϕ)∗(c2) 0 0 1
then by using lemma 2.3, we can complete the proof.
Two Schubert divisors in F (k − 1, k +m;n) are
(1) flags (W1 ⊂W2) where W1 intersects a fixed (n− k + 1)-dimensional subspace
(2) flags (W1 ⊂W2) where W2 intersects a fixed (n− k−m)-dimensional subspace
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In F (k − 1, k +m;n), the dual Schubert curves are given by
(1) flags (W1 ⊂W2) where W2 is fixed and W1 varies in a pencil contained in W2
(2) flags (W1 ⊂W2) where W1 is fixed and W2 varies in a pencil whose base locus
B contains W1
Both γ′ and γ′′ parametrize hypersurfaces of degree d which are d-th powers of
linear spaces in these pencils of Pm whose support does not change. In both dual
Schubert curves (1) and (2), the Pm’s have a common Pm−1, because each curve is
a family of Pm’s rotating around a Pm−1. Therefore, by taking d-th power of such
Pm−1, curves (1) and (2) induce γ′ and γ′′ respectively and satisfy the condition
above.

Corollary 3.6.1. Nef(M2) is generated by pull-back of the NS(F (k−m, k+1;n))
and [DY ].
Remark 3.7. If k + m = n, then F (k − 1, k + m;n) ∼= G(k − 1, n) and the rank
of NS(M1) = 2. In this case, there is no meaning for the projection map pi2 :
F (k − 1, k + m;n) → G(k + m,n) and we can’t construct γ′′. But, with the
same method above, the Nef cone Nef(M1) is a 2-dimensional cone spanned by
(pi1 ◦ ϕ)∗(c1) and [DX ].
The Hilbert scheme HilbPd,m(T )(G(k, n)) is a disjoint union M1 and M2, and
we computed the Nef cone of each components in theorem 3.6 and corollary 3.6.1.
Therefore, if we have following diagram :
M2 P(SymdS∗)
F (k −m, k + 1;n)
G(k −m,n) G(k + 1, n)
Σ1(F
(2,k−m)
• ) Σ1(F
(2,k+1)
• )
ϕ′
∼=
pi′1 pi
′
2
where F
(2,k−m)
• and F
(2,k+1)
• are complete flags in Cn,
and if we denote
c′1 := [Σ1(F
(2,k−m)
• )] and c
′
2 := [Σ1(F
(2,k+1)
• )],
then we get the following result.
Theorem 3.8. The Nef cone of the Hilbert scheme HilbPd,m(T )(G(k, n)) is a cone
spanned by following classes :
(i) k +m < n and k −m > 0 case : 6 classes
=⇒ (pi1 ◦ ϕ)∗(c1), (pi2 ◦ ϕ)∗(c2),[DX ], (pi′1 ◦ ϕ
′)∗(c′1), (pi
′
2 ◦ ϕ
′)∗(c′2), and [DY ]
(ii) k +m = n and k −m > 0 case : 5 classes
=⇒ (pi1 ◦ ϕ)
∗(c1), (pi
′
1 ◦ ϕ
′)∗(c′1), (pi
′
2 ◦ ϕ
′)∗(c′2), and [DY ]
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(iii) k +m < n and k −m = 0 case : 5 classes
=⇒ (pi1 ◦ ϕ)∗(c1), (pi2 ◦ ϕ)∗(c2),[DX ], (pi′2 ◦ ϕ
′)∗(c′2), and [DY ]
(iii) k +m = n and k −m = 0 case : 4 classes
=⇒ (pi1 ◦ ϕ)∗(c1),[DX ], (pi′2 ◦ ϕ
′)∗(c′2), and [DY ]
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